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The nonorientable genus of h&) is shown to satisfy: 
7(&w) = 2(n - 1Y for n > 3, 
m-d,)) = 3, XK,cd = 1. 
The symmetric quadripartite graph, denoted K4cn) or Kn,n,n,n is the graph 
with 4n vertices arranged in four partite sets of y2 vertices each, such that two 
vertices are adjacent if and only if they are not in the same partite set. In 
[2], orientable triangular embeddings of K4tn) are constructed for all y1 + 3. 
Thus the genus of K4tn) attains the Euler lower bound for these II. Here the 
nonorientable analog to the above problem is considered, with nonorientable 
triangular embeddings of K4cn) being constructed for all y1 > 3. Moreover, it is 
shown that nonorientable triangular embeddings do not exist for y1 < 2. 
Thus the Euler lower bound on the nonorientable genus of K4cn) is also 
attained for almost all PZ. It is worth noting that a computer search strongly 
suggests that there is no orientable triangular embedding of K4c3) , so that 
K4c2) and L&J are apparently both examples of graphs that admit triangular 
embeddings into one surface but not into the surface with the same Euler 
characteristic and opposite orientability. This occurs despite the fact that 
both graphs contain more 3-cycles than are needed to be face bounddaries 
in a triangular embedding, and hence, in some sense, should not be difficult 
to triangularly embed. K4c3) is particularly interesting in this regard, as most 
other examples of this phenomenon occur among graphs with triangular 
embeddings in either the torus or Klein bottle. 
The Euler formula for the genus of a non orientable surface in terms of a 
2-cell graph embedding in the surface is 
+7=2-p-l-q-r, 
where ji is the genus, p and q are the numbers of vertices and arcs in the 
graph, respectively, and r is the number of faces in the embedding, For a 
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given graph G, the nonorientable genus, j?(G), is the minimum of the gener 
among all nonorientable surfaces in which G may be embedded. In a trr- 
angular embedding 3r = 2q. From this and the fact that a tria~~~~ar em 
ding maximizes r, the Euler lower bound 
y(G) >2--P+qP 
is obtained. Equality holds in (1) if and only if a no~orientable tr~a~~~~~ 
embedding of G exists. Thus the construction below of such embeddings for 
IQ3 , n > 3 is sufficient to show 
Adding a crosscap to the triangular embedding of IS& in the torus (see 
[Z]), shows that #Q2)) is at most three. Thus the proof below that there is no 
nonorientable triangular embedding of K4c2) is en~u 
w&(2)) = 3. 
Finally, since K4c1) = K4 , it is clear that no nonorientable trianguular embed- 
ding of J&u) exists, and that 
%%I)) = 1. 
To construct the nonorientable triangular embeddings of&,) , R > 3, the 
method of index one cascades will be used. This method is developed in [I+ 
3, 43 and familiarity with it is assumed here. The following are sufficient 
conditions for a cascade to produce a nonorientable triangular embedding of 
K 4(a) * 
(i) Vertex rotations and arc currents are chosen so as to produce a 
single circuit, the log of which contains exactly once the elements of G 
where G is an abelian group of order 4n and N is an index four subgroup of 
(ii) Currents of order two appear on end arcs. With this exception the 
sum of the currents on the incident arcs directed toward a vertex equals the 
sum of the currents on the incident arcs directed away from the vertex, and 
each vertex has valence three. 
(iii) The collection of currents and inverses of currents on unidirecte 
arcs (arcs traversed twice in the same direction by the circuit) does not 
comprise the nonidentity coset of a subgroup of index two in G. 
Property (i) ensures that the embedded graph will be K4(n) (see [2]) ; (ii) t 
the embedding will be triangular; and (iii) that it will be ~ono~ie~tab~e~ The 
construction of such cascades depends on the congruence of n mod&o four, 
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(a) II = 4s, s 3 1. For s = 1 let G = Z,, , H = (4) and use the cascade 
in Fig. 1. As in all subsequent figures the currents on unidirected arcs are 
6 
7 5 
w 
2 
3 L 
FIGURE 1 
underlined, and a vertex has clockwise rotation if represented by a solid dot, 
counterclockwise otherwise. For s > 1, let G = 2, x Z,, , H = ((0, 2)), 
and use the cascade in Fig. 2. As in all subsequent figures depicting cascades 
FIGURE 2 
with G =Zz,x Z,, an arc is drawn with a heavy line if and only if the 
first ordinate of its current is 1. Only the second ordinate is represented 
uumerically. 
(b) n = 4s + 1, s > 1. Let G = Z,,,,, , H = (4), and use Fig. 3. 
es-1 5 as-5 9 es-9 45+7 4%3 4si3 
L$Jm :-q-j-y+ 
3 as-3 7 es-7 II 4s-5 4st5 4%I 
FIGURE 3 
(c) n=4s+2, s>l. Let G=Z, xZSsf4, H=((O,2)), anduse 
Fig. 4. es-1 2s.I 25-3 Zs-3 AcyJm :mpp- 
2sR 2s+3 2~5 es+5 45-l 4%I 4s+1 
FIGURE 4 
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(d) n = 4s + 3, s 2 0. Let G = Z16s+12J 14 = (4). For s = 0 use 
Fig. 5. For s >, 1 use Fig. 6. 
FIGURE 5 
893 5 85-l 9 Es-5 13 4%3 4ss7 4s+i 
4st3 
3 as+1 7 Es-3 II Es-7 4s+9 45-l s 
FIGURE 6 
That (i), (ii), and (iii) are satisfied may be verified by inspection. 
PROPQSITION. There is no nonorientabie triangular ~~b~~~ing of K4(z) . 
Pvoof. Suppose such an embedding exists. The arrangement of faces 
around a vertex arbitrarily labeled “ 1” is shown in Fig. 7. Certain faces appear 
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FIGURE 7 
more than once in the figure. It is assumed only that the faces shown incident 
to any given vertex in the figure are a valid local picture of the embedding. 
Let the vertex not adjacent to 1 be labeled by 8 and label the rerna~~~~~ 
vertices with the numbers 2, 3,..., 7 as shown. If none of the vertices labeled 
by LI, b, c, d, e, or f in the figure is 8, then the fact that each of 2, 3,..., 7 is 
adjacent to 8 forces g, h, i, j, k, and m all to be 8. ut this would imply 
is adjacent to 8 twice, which is not the case. Thus one of a, b,...,fis 8. Without 
loss of generality it may be assumed that a is 8, by permuting the Iabels 
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2, 3,..., 7 if necessary. Now b is adjacent to 3, 4, and g. The set of vertices to 
which at least one of 3, 4, or g is already adjacent includes 1, 2, 5, and 8. 
Thus b must be either 6 or 7. Similarly g is either 5, 6, or 7 and is not equal 
to b. This leads to the following possible cases. 
(1) b = 7. g must be 5 or 6. Let g be whichever of 5 or 6g is not. 8 is not 
adjacent to 1 so 8 must be adjacent to 7. g is not adjacent to 3 so g must be 
adjacent to 7. Thus 7 is adjacent to 1, 2, 3, 4, g, g, and 8. This is impossible 
since there must be some vertex to which 7 is not adjacent. Thus b i: 7. 
(2) b = 6, g = 5. The arc 56 appears in only two faces so d must be 3. 
Then the fact that the arc 36 appears in only two faces implies that j is 4. 
Thus 6 is adjacent to all vertices except 2. Therefore 2 is adjacent to 5.7 is not 
adjacent to 3, so 7 must be adjacent to 5. Thus 5 is adjacent to every other 
vertex which is impossible. Hence g must be 7. 
(3) b = 6, g = 7. The arc 67 appears in only two faces so e must be 3. 
Similarly k is 8 and j is 4. 6 is adjacent to 8 so d is 8. The arc 46 appears in 
only two faces so h is 8. 3 is not adjacent to 5, 6 is not adjacent to 2, and 1 is 
not adjacent to 8. Thus the fourth nonadjacent pair must be 4 and 7. Hence c 
is 2, i is 7, f is 5, and m is 4. The labels for all vertices in Fig. 7 are thus 
determined and it is easily checked that every arc of K4c2) appears somewhere 
in the figure. Since this is the last possible case, this must be the only possible 
triangular embedding of K4c2) up to permutation of the labels. But an orien- 
table triangular embedding is known to exist [2, Fig. 11, so there cannot be a 
nonorientable triangular embedding of K4t2) as well. 
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